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b) Latex membrane wing, which exhibits about 6% camber at
35.4 fps
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c) Hybrid wing with curved wire screen camber stop
Fig. 5 Experimental time series at Re = 7.5 X 104, Sr = 0.10, and angle
of attack = 7 deg.

approximate 6% camber at this mean velocity, and so the results can
be reasonably compared with the simulation flexible airfoil with an
initial camber value. Because many hundreds of cycles take place
before the data are recorded, this is a limiting cycle case, unlike the
case examined in the numerical simulations.

Figure 5 shows measured lift-to-drag ratios throughout one com-
plete cycle for the three test airfoils described. The 6% camber rigid
wing (shown in Fig. 5a) exhibits a mild sensitivity to the velocity
variation. The membrane covered flat wing, which was observed
to fluctuate around approximately 6% camber, is shown in Fig. 5b.
Substantial variation in the lift-to-drag ratio is observed, consistent
with what would be expected with the observed changes in camber
as the velocity changes. The lift-to-drag ratio is improved during
the accelerating part of the cycle; however, some degradation in
performance occurs during the decelerating portion. Finally, the hy-
brid wing with the curved screen insert gives the results shown in
Fig. 5c. The sensitivity to velocity variation is smaller than that of
the pure flexible wing, and yet the overall performance is higher.

Conclusions
The focus of the present study is on the aerodynamic perfor-

mance of the /zAV in low Reynolds number unsteady flows. Each
of the experimental wings showed behavior qualitatively similar to
that shown in their numerical simulation counterparts, even though
the shapes and construction features were not exactly the same, as
mentioned. The hybrid wing in particular demonstrated that it is
possible to combine improvements during accelerating flows with
sustained performance during deceleration. It seems likely that, by
using more aggressive and more active adaptation strategies than

the very simple ones presented here, practical /zAV wings with im-
proved performance qualities can be realized.
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Improvements to a
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for Computing Unsteady Flows
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Introduction

IMPLICIT time-marching methods are preferred for computing
many unsteady aerodynamic flows because of physical and nu-

merical stiffness. However, a fully implicit method can be expensive
because the solution of a nonlinear problem is required at each time
step. The approximately factored algorithm of Beam and Warm-
ing with local time linearization1 is an efficient option, capable of
retaining both second-order accuracy in time and unconditional sta-
bility. In practice, first-order time accuracy is often obtained as a
result of approximate linearization of the artificial dissipation and
turbulence models, low-order treatment of boundary and interface
conditions, and loose coupling of a field-equation turbulence model.
An alternative approach, which has become popular in recent years,
is to apply an algorithm developed for steady flows to the nonlin-
ear problem arising at each iteration of the implicit time-marching
method.2'8 Thus one can apply an algorithm with non-time-accurate
convergence acceleration techniques such as local preconditioning,
local time stepping, diagonalization, and multigrid. Such methods
are typically called dual-time-stepping or subiteration methods.
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The nonlinear problem to be solved within an implicit time-
marching method has several differences from a typical steady-state
problem. The initial guess is usually quite good, and the degree of
convergence required is quite small, perhaps a few orders of mag-
nitude reduction in residual. Therefore, algorithms developed for
steady problems may not be optimal for use in a dual-time con-
text. In this Note, we present some modifications to the diagonal
approximately factored algorithm that lead to savings in a dual-
time-stepping context.

Governing Equations and Numerical Method
The governing equations are the two-dimensional thin-layer

Navier-Stokes equations, written in generalized coordinates as

where Q contains the conservative flow variables and E and F are
the flux vectors in the £ and rj directions, respectively. S contains
the viscous terms. Second-order central spatial differences are used
with second- and fourth-difference nonlinear artificial dissipation,
as in ARC2D.9

Applying the second-order backward method to the discretized
form of Eq. (1), one obtains

2At

!) _j_ 8nF(Qn + l) — Re~l8jjS(Qn + {)] = 0 (2)

where Qn = Q(n At) and 8 denotes a generic spatial operator. This
is the nonlinear relation we wish to satisfy at each time step. Lin-
earization and approximate factorization lead to the following form,
which is second-order accurate in time:

n = Rn (3)

where

Rn = -\

The matrices A, B, and M are the flux Jacobians. With fourth-
difference implicit artificial dissipation, the solution of a block pen-
tadiagonal system of equations is required. This scheme is referred
to as the BPD scheme from this point onward.

For steady computations, the diagonal form of Eq. (3) can be
used. It is given by

1 Afi" = R" (5)

where N = T^lTn. The matrices A^ and A,, are diagonal matrices
whose elements are the eigenvalues of the flux Jacobians, including
a contribution from the viscous flux Jacobian.9 The matrix T% has
the eigenvectors of A as columns, and Tn has the eigenvectors of B
as columns. The diagonal algorithm requires the solution of a scalar
pentadiagonal system of equations and has proven to be three to four
times faster than the BPD scheme. Unfortunately, it is first-order
accurate in time and nonconservative, thus making it unsuitable for
unsteady transonic flows. However, the diagonal form is ideally
suited for use in a subiteration method.

Dual-Time-Step Subiteration Scheme
A "pseudo" time derivative is introduced to solve the nonlinear

problem given by Eq. (2), as follows:

(6)

Many different methods can be used to solve Eq. (6). We use the
diagonal form of the approximately factored algorithm. Applying
implicit Euler time marching to Eq. (6) gives

_ QP -4Qn

Ar 2At

where Ar is the pseudo-time-step size. Thus the dual-time-stepping
scheme, in diagonal form, may be written as follows:

^[r + Ar^A^IT + At^A^r-1 A& = -ArG(QP)
(8)

where r = [(3/2Ar) + (3Ar/2Af)]/ and Nd = 7^-%
The algebraic Baldwin-Lomax10 and one-equation Spalart-

Allmaras11 turbulence models are described in detail in the given
references. Both models are decoupled from the Navier-Stokes
equations. In the Spalart-Allmaras model, the partial-differential
equation is solved using the second-order backward time-marching
method with an approximately factored dual-time-stepping scheme,
similar to the mean-flow equations.

Modified Subiteration Method
We now introduce two further approximations to the implicit op-

erator used for the subiterations: 1) second-difference dissipation is
used in the implicit operator, leading to a scalar tridiagonal form
and 2) the Jacobian matrices are frozen during the subiterations.

The dissipation scheme on the left-hand or implicit side of Eq. (8)
is modified to reduce the matrix to a scalar tridiagonal form. The
original nonlinear dissipation scheme is still used on the right-hand
side. The second-difference coefficients on the implicit side are re-
placed by a value equal to the second-difference coefficients on the
explicit side plus the fourth-difference coefficients multiplied by
some factor s. A value of e equal to 2 or 3 works well. This scheme
will be referred to as the tridiagonal subiteration scheme.

Solution of the banded system constitutes a significant portion
of the computational effort in solving for A Qp. To avoid repetitive
solution of a system that does not change very much during the
subiteration process, the eigenvalues of the flux Jacobians are frozen
during the subiterations at each time step. An LU decomposition is
used to decompose and store [F + Ar8%A%] in Eq. (8) after the first
iteration at each time step. The same is done for the r] sweep. The
eigenvector matrices denoted by 7$ and 7^, however, are not frozen.

Results
Laminar flow over the NACA 0012 airfoil was computed at a

Mach number of 0.2, a Reynolds number of 800, and an angle of
attack of 20 deg. A coarse C mesh (169 x 49) was used because we
were concerned here with time accuracy only. Figure 1 shows the
reduced frequency of shedding K = nc/u^ as a function of computa-
tional effort, where n is the frequency and c is the chord length. One
work unit is equivalent to 200 sweeps of the diagonal algorithm. The
points shown were computed with different values of A r. As At de-
creases, the computational effort increases. Three subiterations are
used at each time step. All of the methods shown converge to the
same reduced frequency as At is decreased. The basic dual-time-
stepping method is much more efficient than the BPD scheme. Com-
pared to the basic subiteration scheme, the tridiagonal subiteration
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Fig. 1 Reduced frequency vs CPU work per period using various
schemes for NACA 0012 airfoil (Mach number = 0.2, lfe = 800, and
a = 20 deg).
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Fig. 2 Reduced frequency vs CPU work per period using the modified
dual-time-stepping and BPD schemes with Baldwin-Lomax turbulence
model for NACA 0012 airfoil (Mach number = 0.7, Re = 9x 106, and
a = 6 deg).
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Fig. 3 Coefficient of lift vs nondimensional time using the modified
subiteration and BPD schemes with Baldwin-Lomax turbulence model
for NACA 0012 airfoil (Mach number=0.7, Re = 9 x 106, and a = 6 deg).

scheme reduces the CPU expense approximately 10%, whereas the
frozen eigenvalue scheme produces CPU savings of up to 30%.

Turbulent flow over a NACA 0012 airfoil was computed at a
Mach number of 0.7, a Reynolds number of 9 x 106, and an angle
of attack of 6 deg. Under these conditions, the airfoil experiences
self-induced periodic shock oscillations. This case was run on a
331 x 51 C mesh.

Baldwin-Lomax Model
With this model, we used four subiterations. This generally pro-

duced a final residual [in Eq. (8)] of about 10~10. Figure 2 compares
the modified dual-time-stepping method, including both the frozen
eigenvalue and the tridiagonal operator, with the BPD method. One
work unit is equivalent to 1000 sweeps of the diagonal algorithm.
The modified method requires approximately 35% less CPU time
than the basic method. To obtain a reduced frequency within 0.5%
of the converged value, the modified dual-time-stepping method
requires roughly ~ of the CPU time of the BPD scheme. Figure 3
shows that the dual-time-stepping approach produces equivalent ac-
curacy to the BPD scheme at much higher values of Af.

Spalart-Allmaras Model
Three mean-flow subiterations were used with the Spalart-

Allmaras model. After each mean-flow subiteration, turbulence-
model subiterations were performed until the turbulence-model
residual was reduced by two orders of magnitude. This typically re-
quired 30-60 turbulence-model subiterations. Figure 4 compares the
modified dual-time-stepping scheme with the BPD scheme. For this
case, each work unit represents 1000 minutes on a Silicon Graph-
ics R4000 workstation. The dual-time-stepping method produces a
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Fig. 4 Reduced frequency vs CPU work per period using the modi-
fied dual-time-stepping and BPD schemes with Spalart-Allmaras tur-
bulence model for NACA 0012 airfoil (Mach number=0.7, Re - 9 X 106,
and a = 6 deg).

converged value of the reduced frequency with fewer than four work
units, whereas the BPD scheme is still quite far from the converged
value with a At of 5 x 10~4, requiring nine work units.

Conclusions
Dual-time-stepping implementations of implicit time-marching

methods are an efficient option for computing unsteady flows. The
associated subiterations can reduce linearization and factorization
errors resulting from some methods, and, more importantly, they can
reduce first-order errors resulting from boundary and interface con-
ditions, approximate linearizations, and loosely coupled turbulence
models. We have presented two easy-to-implement modifications to
a dual-time-stepping scheme using the diagonal form of an approx-
imate factorization algorithm that produce CPU savings of about
35%.
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